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Sorpt ion in a sorbeut  of b iporous  s t ruc tu re  is considered in the case  of a l imit ing convex - 
" r ec t angu l a r "  - i so the rm.  An accura t e  in tegra l  equation for the sorp t ion  wave front  is ob-  
tained. Asympto t ic  laws of f ront  mot ion a r e  found for sma l l  and l a rge  t imes .  

Media of b iporous  s t r u c t u r e  cons is t  of r andomly  d is t r ibuted  pa r t i c l e s ,  the spaces  between which f o r m  a 
porous  sy s t em,  while the pa r t i c l e s  t hemse lves  a r e  a l s o  porous;  such med ia  a r e  often encountered,  both n a tu r -  
a l ly  and in engineering.  In the f i r s t  approx imat ion  soi l s  m a y  be r ega rded  as  m a t e r i a l s  of this type,  as may  
many  building m a t e r i a l s ,  so rben t s ,  ca ta lys t s ,  etc.  It  is of cons iderable  p r ac t i ca l  in te res t  to invest igate  diffu-  
s ion and sorpt ion  in these  m a t e r i a l s .  The pr inc ip les  by which equations of m a s s  and heat  t r a n s f e r  m a y  be con-  
s t ruc ted  for  so rp t ion  in such media  w e r e  outlined in [1, 2]. 

The equations of in ternal  diffusion in sorben ts  of b iporons  s t ruc tu re  containing m i c r o -  and m a c r o p o r e s  
(grannlar  zeo l i t es ,  ac t ive  charcoa l )  w e r e  cons idered  in [3-5]. The analogous .equations der ived  in [3] de sc r ibe  
the sorp t ion  of dyes  on f ibers  [6] and sorp t ion  in compos i te  two-phase  po lymer  m a t e r i a l s  [7]. The method of 
m o m e n t s  (see  [4, 8], for  example) m a y  be  used to de t e rmine  the in ternal -di f fus ion coeff icients  in mic ropo rous  
reg ions  (the porous  s y s t e m  within the par t ic les)  and t r a n s p o r t  po res  (the porous  s y s t e m  within the part icles} 
f r o m  expe r imen ta l  kinet ic  cu rves  in the case  of l inear  sorpt ion  i so the rms .  Sorption in these  m a t e r i a l s  in the 
case  of nonlinear and, in pa r t i cu la r ,  sharp ly  convex sorpt ion  i so the rms  is v e r y  impor tan t  for  both p rac t i ca l  
and r e s e a r c h  purposes .  Such i s o t h e r m s  a re  c h a r a c t e r i s t i c ,  for  example ,  of the sorpt ion  of many  m a t e r i a l s  on 
so rben t s  that  a r e  widely used in p rac t i ce ,  such as g ranu la r  zeol i tes  and m i c r o p o r o u s  charcoal .  

In [9, 10] in ternal  diffusion in a sorbent  of b iporous  s t ruc tu re  was cons idered  in the case  of  a l imit ing 
convex - " r ec t angu l a r "  - sorp t ion  i so the rm,  and for r e a l  sorbents  of l a rge  capaci ty  an approx imate  solution 
was obtained on the b a s i s  of a modif ied i n t eg ra l - r e l a t i on  method.  

Below, an  a ccu ra t e  in tegra l  equation is obtained for  the sorp t ion  wave front  in the case  of a r ec tangu la r  
sorp t ion  i so the rm and an  a r b i t r a r y  sorbent  capaci ty ,  together  with asympto t ic  laws of f ront  motion for sma l l  
and l a rge  t imes .  These  r e s u l t s  a r e  of in te res t ,  in pa r t i cu la r ,  for  the quant i ta t ive in te rpre ta t ion  of expe r imen t s  
on the x - r a y  t r a n s m i s s i o n  of zeoli te and a c t i v e - c h a r c o a l  granules  in the sorp t ion  of x - r a y - c o n t r a s t  m a t e r i a l s  
[11, 12]. 

Consider  a semiinf in i te  cyl indr ical  so rben t  g ra in  with an isolated side surface .  In this  case ,  the equation 
of internal  diffusion in a b iporous  sorbent  m a y  be wr i t t en  as  follows [3, 9] 

Oa Oc = D 02c O ~ x ~ c~ , (1) 
+ Ot Ox---i-' 

t 

a = .f i [c (x, ~)1 r (t - -  ~) d~. (2)  
o 

Here  a(x,  t )  and c(x ,  t)  a r e  the local  concent ra t ions  of  the m a t e r i a l  being sorbed  in the unmoving and moving 
phases ,  r e spec t ive ly ;  f ( c ) ,  sorp t ion  i so the rm in the m i c r o p o r o u s  s t r u c t u r e s  (for s impl ic i ty ,  it is a s sumed  
h e r e  that  so rp t ion  on the t r a n s p o r t - p o r e  walls  is sma l l  in compar i son  with sorp t ion  in the m i c r o p o r e s ,  which 
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is  cor rec t  in the overwhelmingmajor i ty  of cases);  D, diffusion coefficient in the t ranspor t  pores;  r  
kinetic function of the microporous s t ruc tures  [9], specifying the relat ive qm~ntity of nmter ia l  being sorbed 
which is absorbed by the microporous s t ructure  under the condition that the concentrat ion o f  the mater ia l  on 
its surface is constant. 

Consideration will  now be res t r i c ted  to an approximate function r  of the form [9] 

(t) = 1 --  exp(-- ~t), (3) 

where 1/~ is the charac ter i s t ic  relaxat ion t ime in the microporous s t ruc tures  (regions), and a rectangular  
sorption isotherm 

f (c) = a~z (c), (4) 

where • is the Heaviside functior. 

In addition, it  is assumed that,  ini t ial ly,  the sorbent  is f ree  of the ma te r i a l  which is  to be sorbed, and at  
the grain  boundary, c = c o = const. 

It is known [9] that  for the rectangular  i so therm in Eq. (4) at  each t ime t > 0 there  is a finite region in 
which O > 0. Suppose that x = h ( t )  is  the law governing the motion of  the bou~lar ies  of this  region,  i .e. ,  
c > 0  w h e n 0 _ _ x < h ( t )  and c =  0 w h e n x _ > h ( t ) .  Then 

( O c )  =0. (5) c (0, t) = co, c (x, o) = a (x, 0) = c [h (t), t] = 0, ~ x=h(,) 

Essent ia l ly ,  Eqs. (1)-(5) may  be regarded as  solved af ter  the function h ( t )  has  been determined,  since 
c ( x ,  t)  and a (x ,  t)  a re  easi ly  determined in this case  [9]. An integral  equation for the function h(c)  may be 
obtained using the approach developed in [13] for the Stofan problem of heat-conduction theory. 

The function 5(p, t)  is  now defined by the re la t ion 

(p, t) = . c (x, t) sh pxdx, (6) 
0 

where p is  a pa ramete r ,  p > 0. 

Multiplying Eq. (1) by  sinh pxp integrating with respec t  to x f rom 0 to h ( t ) ,  mid taking account of Eq. 
(5), the following resu l t  is  obtained 

Hence 

d~ DI#~ = Dpco-- [ Oa sh pxdx, c (p, 0)=0. 
d- -7 - - -  . Ot 

0 

(7) 

t h(T) 

cexp(--DpZt)= I" [Dpc~--,[..~ shpx ]exp(--Dp9)dv. 
0 0 

Passing to the l imit  as t - ~  in Eq. (8) gives 

( hi(' Oa shpxdx= co ..... 
. exp (-- DpZ~) d~c ,J O~ p " 
0 o 

At the same t ime,  i t  follows from Eqs. (2)-(4) that 
t 

a(x, t) = i3ao S X[h(*) --x] exp [-- ~ (t--~)] d,. 
0 

h(t) 

(s) 

(9) 

(10)  

Substituting Eq. (10) into Eq. (9), the following equation is obtained for the function T = T(X) inverse to 

f sh xp exp [--Dp~ (x)] dx= ([$ + Dp2) co 

o [~pa. 

(n) 
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Note that  set t ing fi = ~ in Eq. i l l )  (the case  of a homogeneous porous  sorbent )  yields  the wel l -known 
solution T = ~ x  2, where  ~ is the roo t  of the a lgeb ra i c  equation 

_ ] / } - a 0  e x P ( 4 _ ~ D ) e r f ( 2 _ ~ ) = l "  (12) 
2co I f  ~D 

The a sympto te  of  h ( t )  for  l a rge  t m a y b e  found using Eq. (11). Set ~ (x )  = ~ x  2 + Y + g i l / x )  in Eq. (11), 
where  a is the roo t  of Eq. (12) and the constant  Y and the finite function g ( 1 / x )  r e m a i n  to be  de termined.  

Substituting this  e x p r e s s i o n  for  7 (x)  into Eq. (11) and taking account  of Eq. (12), an  equation is obtained 
for  g ( l / x )  

sh px exp ( ~  ~zDpZx 2) [ 1 ~ exp (~?Dp2 ~ DliZg)] d x =  ~ Dpco (13) 
o ~ao 

To find the value of  y and the a sympto te  of  g(1/x)  as  x -~ ~ ,  suppose that  p --~ 0 in Eq. (13). Expanding 
[1 -- exp( - -yDp 2 - Dp2g)] in s e r i e s ,  the r e s u l t  is  subst i tuted into Eq. (13), to give 

,,op,o sh xg (p/x) exp ( ~  aDx ~) dx = - -  7 + 1 c.~o + _ _  +o(p~), p-+0. (14) 
'0 ao 2ao 

Hence  it is evident  that  Y = -1//3, so  that  Eq. i14) lakes  the fo rm 

" D/#c~ + o (p~). p -+  0. (15) .I shxexp( - aDx~) g ( p / x ) d x  = 2~Za ~ 
0 

Applying the Mell in t r a n s f o r m  to Eq. (15) g ives  

M, [x sh x exp ( - -  aDxZ)] M8 [g] --- F (s). (16) 

where  M s [ f] is the Mellin t r a n s f o r m  of the function f with the p a r a m e t e r  s;  F (s)  is the Mellin t r a n s f o r m  
of the right-h~tnd side of  Eq. (16). According  to [15], the following re la t ion  holds 

1 - ~ - - T F  1 + ~- @ 1+ 2 2;  4aD M8 Ix sh x exp (--  aDx~)I = -~  (o~D) ' - -  ' 

where  ~(1 + s / 2 ,  3 / 2 ;  1 / 4 ~ D )  is a degene ra t e  h y p e r g e o m e t r i c  function. T h e r e f o r e  

s s 3 1 (17) 
M~[g]-----4F(s)(aD) 2 /F I @-~ dp I + 2' 2' 4aD " 

It is known [14] that the asymptote of the function is determined by the properties of its Mellin trans- 
form. Accordingly ,  i f  v = v ( 1 / 4 ~ D )  is  the r i g h t m o s t  roo t  of the function ~ (1  + v / 2 ,  3/2;  1 / 4 ~ D ) ,  then g ~ 
C t -  v as  t -~ 0, where  C is  the r e s idue  of the function Ms[  g] a t  the point s = v. Analys is  of the ze ro  func-  
t ion ~(1 + s / 2 ,  3 /2;  1 / 4 a D )  shows that  v < - 2 ,  while v - *  - 2  as  (1/4~D) - -  ooand ]v [--oo as  (1/4~D) -~ 0. 
Thus 

�9 . (x) ,-- c~x~ - -  __1 + 0 (x~), x ~ oo. (18) 

Pas s ing  to the function h ( t )  and confining at tent ion to the f i r s t  two t e r m s ,  the following r e su l t  is  ob-  
ta ined a s  t - -  

/ - U  1 
h( t ) - .~  ]/ - ~  ( I  §  t" (19) 

Equation (19) al lows the t ime  for  h i t )  to r e a c h  the s teady value h ( t )  = ~/ t /~  to  be  e s t ima ted  

Ih ( t~176  t o =  1_1__ 
[ l b .  (to) 21~ 

Note tha t  when a 0 >> c 0 Eq. (19) is p rac t i ca l ly  the s a m e  as the cor responding  expres s ion  for h i  t )  ob -  
ta ined in [9] by  the  modif ied  i n t eg ra l - r e l a t i on  method.  The d i f fe rence  is that  in Eq. (19) ~ is  the roo t  of  Eq. 
(12), whe rea s  in [9] ~ = a0/2Dc0, i .e . ,  a suff icient ly good approx imat ion  to the roo t  of  Eq. (12) when a 0 >> e 0. 
The condition a0 >> co is sa t i s f ied  for r e a l  engineer ing  so rben t s ,  in which the sorp t ion  capaci ty  is la rge .  How-  
eve r ,  this  condition is v iola ted in diffusion p r o c e s s e s  in a number  of porous  m a t e r i a l s  where  sorp t ion  is a 
s e c o n d - o r d e r  accompanying  p roces s .  

Using Eq. (11)~ the asympto te  of  h i t )  as  t --~ 0 m a y  now be found. F i r s t ,  Eq. i l l )  is r ewr i t t en  in the 
f o r m  

355 



~aoV~- ' (2o) 
0 

where  s = Dt~. 

Expanding sinh [ ~ h ( t ) ]  in a s e r i e s  in powers  of  i ts  a rgument ,  subst i tut ion of the r e su l t  into Eq. 
(20) gives 

tt is a s sumed  that  in Eq. (21) the p a r a m e t e r  s i n c r e a s e s  without l imi t ,  r emain ing  rea l .  Then, using the 
inequality h2/D < Bt when t > t 1 (B =cons t ) ,  which fellows f rom Eq. (19), it is not difficult  to show that  

o* 

when s - -  ~ ,  so  that  Eq. (21) m a y  be  wr i t t en  in the f o r m  

2 a=l ~ I h ( s ) =  (l~+s)c~ + 0  . exp ~ , 

t~ 

0 

( 

S ---~ c C ,  

Suppose that  112( t ) /D ~ tQ( ln  l / t )  as  t -* 0, where  Q is  a growth function of  no m o r e  than exponential  
min.tmura type. Q is  found by  m e a n s  of  a 5Iel l in trm~.sformation with p a r a m e t e r  X: 

t~ 

0 

where  F (X) is  a g a m m a  function. 

(22) 

t l  

In view of the proposed a sympto t e  of  h ~- ( t ) / D  as  t ~ 0, the function S (h2/D)kt-zdt i s  analyt ic  in the r e -  
0 

gion Re X < k + 1 and is  analy t ica l ly  continued to the r ight ,  mee t ing  the f i r s t  s ingular i ty  ~t the p~int X = k + 1 
of  the f o r m  BQk(1 + k - X ) ;  BQ k is  a function assoc ia ted  according  to Bore l  with the function Q [14]. Hence 

k! Q~ (ln s), s - , -  ~ (23)  .r~ (s) ~ 7 

and since 

~ ) i  Xk ~ 

h ~ l  

Eq. (22) takes  the fo rm 

2 = p--~- + ~-o + o 0), (24) 

S - - ~  o o .  

The c a s e s  fi = r and fi < ~ a r e  poss ib le  here .  When ~ = ~,  Eq. (24) is sa t i s f ied  on set t ing Q = const ,  
so that  Q sa t i s f i e s  the a lgebra ic  equation 

]/'Qexp -4 -  err = ]/~ao 

in a c c u r a t e  ag reemen t  with the, e a r l i e r  p roposa l  - Eq. (12). 

When fi < ~, the function Q( ln  s )  m u s t  sa t i s fy  a r e l a t ion  der iv ing  f r o m  Eq. (24) 
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Hence 

S - - ~  O0 ( Az 

Q (ln s) = In (A'#) -- lnln 2 (A2s 2) + o (1), 

and finally 

1 A ~ 
{n - - -  Q(ln T ) =  [#ln2(A2/t2) ] +~ 

Thus, the asymptote of h( t )  for small times takes the form 
l 

A ~ }~ 
h(t) N{2Dtln [t21n(A~/t~) ] �9 

s - -~  

t - +  0.  (25) 

(26) 
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